From a genuine Z/2-equivariant spectrum A equipped with a compatible multiplicative structure we produce a genuine Z/2-equivariant spectrum KR(A). This construction extends the real K-theory framework of Hesselholt-Madsen for discrete rings and the Hermitian Ktheory framework of Burghelea-Fiedorowicz for simplicial rings. We construct a natural trace map of Z/2-spectra tr : KR(A) → THR(A) to the real topological Hochschild homology spectrum, which extends the K-theoretic trace of Bökstedt-Hsiang-Madsen.
Introduction
In [HM17] Hesselholt and Madsen construct a Z/2-equivariant spectrum KR(C) from an exact category with duality C, whose underlying spectrum is the K-theory spectrum K(C) of [Qui73] and whose fixed-points spectrum is the connective Hermitian K-theory spectrum KH(C) of [Sch10] . Specified to the category of free modules over a discrete ring with antiinvolution A this construction provides a Z/2-equivariant spectrum KR(A) whose fixedpoints are the connective Hermitian K-theory KH(A) of [Kar73] . The construction of KH(A) is extended in [BF84] from discrete rings to simplicial rings, and the homotopy type of KH(A) depends both on the homotopy type of A and of the fixed-points space A Z/2 . In this paper we propose a further extension of the real K-theory functor KR to the category of ring-spectra with anti-involution. These are genuine Z/2-equivariant spectra with a suitably compatible multiplication (see §3.2), and the output KR(A) is a genuine Z/2-equivariant spectrum. The fixed-points spectrum KH(A) := KR(A) Z/2 depends on the equivariant homotopy type of A and differs form other constructions in the literature, for example from the one of [Spi16] .
There is an algebraic case of particular interest that lies between discrete rings and ring spectra, namely those ring spectra with anti-involution whose underlying Z/2-spectrum is the Eilenberg-MacLane spectrum HM of a Mackey functor M . In this case the multiplicative structure on HM specifies to a multiplication on the underlying Abelian group π 0 HM together with a multiplicative action of π 0 HM on π 0 (HM ) Z/2 suitably compatible with the restriction and the transfer maps. We call such an object a Hermitian Mackey functor (see definition 1.1). A class of examples comes from Tambara functors, where the underlying ring acts on the fixed-points datum via the multiplicative transfer (see example 1.4). We start our paper by constructing the Hermitian K-theory of a Hermitian Mackey functor in §1.1, as the group completion of a certain symmetric monoidal category of Hermitian forms Herm M over M KH(M ) := ΩB(Bi Herm M , ⊕).
The key idea for the definition of Herm M is that the fixed-points datum of the Mackey functor specifies a refinement of the notion of "symmetry" used in the classical definition of Hermitian forms over a ring. In §3 we extend these ideas to ring spectra and we give the full construction of the KR functor.
The main feature of our real K-theory construction is that it comes equipped with a natural trace map to the real topological Hochschild homology spectrum THR(A) defined in [HM17] (see also [Dot12] , [Hg16] and [DMPPR17] ). The following is in §4.2.
Theorem. Let A be a ring spectrum with anti-involution (see §3.2). There is a natural transformation of Z/2-spectra tr : KR(A) −→ THR(A) whose underlying map of spectra is Bökstedt-Hsiang-Madsen's trace map K(A) −→ THH(A) from [BHM93] .
where K * (Z [π] ) are the algebraic K-theory groups, and the fixed-points are taken with respect to the action induced by the anti-involution of Z[π] defined by inversion in π. Thus the trace map induces a map on the rational homotopy groups of the fixed-points spectra tr : (W * The rational geometric fixed points Φ Z/2 THR(A) ⊗ Q have however been computed to be contractible in [DMPPR17] , for every discrete ring A. This is in line with the construction of [Cn93] , where the Chern Character to dihedral homology factors through algebraic K-theory via the forgetful map, and cannot be used to detect the image of the rationalized assembly map for the Witt theory summand of rational Hermitian K-theory.
The rational geometric fixed-points Φ Z/2 (THR(HM )) ⊗ Q are however generally nontrivial when the input is a Hermitian Mackey functor that does not come from a ring with anti-involution. The starting point of our analysis is to replace the integers with the Burnside Mackey functor, much in the same way one replaces the integers with the sphere spectrum in the proof of the K-theoretical Novikov conjecture of [BHM89] . However, since the integers are not rationally equivalent to the Burnside Mackey functor our result will depend on the difference between the corresponding Hermitian K-theories.
We define a Hermitian Mackey functor B[π] := π 0 (S ∧ π + ), the "Burnside group-ring" of a discrete group π (see 1 Z/2 follows from a theorem of [Hg16] . The following is proved in 2.4.
Theorem. Let π be a discrete group. The Novikov conjecture holds for π if and only if the map T cy is zero on the kernel of d cy :
which is equivariant with respect to the Z/2-action on the tensor product that swaps the two factors. In equivariant homotopy theory Abelian groups with Z/2-actions are replaced by the more general notion of Z/2-Mackey functors. In what follows, we will define a suitable multiplicative structure on a Mackey functor which extends the notion of ring with antiinvolution. We recall that a Z/2-Mackey functor M consists of two Abelian groups M (Z/2) and M ( * ), a Z/2-action w on M (Z/2), and Z/2-equivariant maps (with respect to the trivial action on M ( * )) R : M ( * ) −→ M (Z/2) T : M (Z/2) −→ M ( * )
called respectively the restriction and the transfer, subject to the relation RT (a) = a + w(a)
for every a ∈ M (Z/2). for a ∈ A and b ∈ A Z/2 . This gives M A the structure of a Hermitian Mackey functor.
Example 1.3. Let B be the Z/2-Burnside Mackey functor. The Abelian group B(Z/2) is the group completion of the monoid of isomorphism classes of finite sets, and it has the trivial involution. The Abelian group B( * ) is the group completion of the monoid of isomorphism classes of finite Z/2-sets. The restriction forgets the Z/2-action, and the transfer sends a set A to the free Z/2-set A × Z/2. The underlying Abelian group B(Z/2) has a multiplication induced by the cartesian product, and it acts on B( * ) by
Explicitly, B(Z/2) is isomorphic to Z as a ring, B( * ) is isomorphic to Z ⊕ Z with generators the trivial Z/2-set with one element and the free Z/2-set Z/2. The restriction is the identity on the first summand and multiplication by 2 on the second summand, and the transfer sends the generator of Z to the generator of the second Z-summand. The underlying ring Z then acts on Z ⊕ Z by
The Hermitian structure on the Z/2-Burnside Mackey functor is a special case of the following construction. If the multiplication of a ring A is commutative, then an anti-involution on A is simply an action of Z/2 by ring maps. The Mackey-version of a commutative ring is a Tambara functor, and we show that there is indeed a forgetful functor from Z/2-Tambara functor to Hermitian Mackey functors. We recall that a Z/2-Tambara functor is a Mackey functor where both M (Z/2) and M ( * ) are commutative rings, and with an extra equivariant multiplicative transfer N : M (Z/2) → M ( * ), called the norm, which satisfies the properties
see [Tam93] and [Str12] .
Example 1.4. A Tambara functor M has the structure of a Hermitian Mackey functor by defining the M (Z/2)-action on M ( * ) as
where the right-hand product in the multiplication in M ( * ), and then forgetting the multiplication of M ( * ) and the norm. Let us verify the axioms of a Hermitian Mackey functor. The first axiom is satisfied because the multiplication is commutative and equivariant. The second axiom is
and the third is
The last axiom is clear from the third condition of a Tambara functor.
We conclude the section by extending to Hermitian Mackey functors two standard constructions of rings with anti-involution: the matrix ring and the group-ring.
If A is a ring with anti-involution and n is a positive integer, the ring M n (A) of n × nmatrices has a natural anti-involution defined by conjugate transposition w(N ) ij := w(N ji ). A fixed-point in M n (A) is a matrix whose diagonal entries belong to A Z/2 , and where the entries N i>j are determined by the entries N i<j , by N i>j = w(N j<i ). Inspired by this example, we give the following definition. Definition 1.5. Let M be a Hermitian Mackey functor. The Hermitian Mackey functor M n (M ) of n × n-matrices in M is defined by the Abelian groups
The anti-involution on M n (M )(Z/2) is the anti-involution of M (Z/2) applied entrywise followed by matrix transposition. The restriction of an element B of M ( * ) has entries
The transfer of an n × n-matrix A with coefficients in M (Z/2) has components
The multiplication on M n (M )(Z/2) is the standard matrix multiplication. The action of
that is by the conjugation action on the off-diagonal entries, and through the Hermitian structure on the diagonal entries. Lemma 1.6. The object M n (M ) defined above is a Hermitian Mackey functor, and if A is a ring with anti-involution
Proof. It is clearly a well-defined Mackey functor, since
Let us verify that the formula above indeed defines a monoid action. This is immediate for the components i < j. For the diagonal components let us first verify that the identity matrix I acts trivially. This is because
In order to show associativity we start by calculating the diagonal components of (AC) · B for matrices A, C ∈ M n (M (Z/2)) and B ∈ M n (M )( * ). These are
An easy induction argument on the fourth axiom of a Hermitian functor shows that
Thus the expression above becomes
On the other hand the diagonal components of A · (C · B) are
We see that the second and the fourth term of this expression cancel respectively with the third and second term of the expression of (AC) · B. Finally, by using that the transfer is equivariant we rewrite the sum of the first and third term as
Let us now verify the last three axioms of a Hermitian Mackey functor. The compatibility between the action and the restriction is
The compatibility between the action and the transfer is
The distributivity of the action over the sum in M n (M )( * ) is easy to verify for the components i < j. In the diagonal components we have that
By using that the transfer is equivariant and by reindexing the sum we rewrite the fourth summand as
Thus the expression above is equal to
Finally, by inspection, we see that
We end the section with an extension to Hermitian Mackey functors of the group-ring construction. Let π be a discrete group with an anti-involution τ : π op → π (for example inversion). If A is a ring with anti-involution, the group-ring
A choice of section s of the quotient map π → π/(Z/2) determines an isomorphism
where π f ree = π \ π Z/2 is the subset of π on which Z/2 acts freely. It is defined on the A Z/2 [π Z/2 ] summand by the inclusion, and on the second summand by sending cx to cs(x) + w(c)τ (s(x)). Definition 1.7 (Group-Mackey functor). Let M be a Hermitian Mackey functor and π a discrete group with anti-involution τ : π op → π. The associated group-Mackey functor is the Hermitian Mackey functor M [π] defined by the Abelian groups
The anti-involution on M (Z/2)[π] is the standard anti-involution on the group-ring. The restriction is induced by the restriction map R : M ( * ) → M (Z/2) and by the inclusion of the fixed-points of π on the first summand, and by the map
on the second summand. The transfer is defined by
The multiplication on
, and
It is then extended to the whole group-ring M [π](Z/2) by enforcing condition iv), namely by defining
for some choice of total order on the finite subset of π on which a g = 0.
When M = B is the Burnside Mackey functor, we will call B[π] the Burnside group-ring. Proof. We see that M [π] is a Mackey functor, since
A calculation completely analogous to the one of lemma 1.6 shows that the action of
The compatibility between the action and the restriction is
for the action on the first summand, and
for the action on the second summand. Let us verify the compatibility between the action and the transfer. We have that ag · T (bh) is equal to
The last axiom is satisfied by construction. By inspection we see that
The Hermitian K-theory of a Hermitian Mackey functor
Let M be a Hermitian Mackey functor. We use the Hermitian Mackey functors of matrices constructed in definition 1.5 to define a symmetric monoidal category of Hermitian forms, whose group completion will be the Hermitian K-theory of M .
Definition 1.10. Let M be a Hermitian Mackey functor. An n-dimensional Hermitian form on M is an element of M n (M )( * ) which restricts to an element of GL n (M (Z/2)) under the restriction map
We write GL n (M )( * ) for the set of n-dimensional Hermitian forms. An morphism A → B of Hermitian forms is a matrix λ in M n (M (Z/2)) which satisfies
where the operation is the action of M n (M )(Z/2) on M n (M )( * ). Multiplication of matrices defines a category of Hermitian forms, which we denote by Herm M .
Remark 1.11. Let A be a ring with anti-involution. An n-dimensional Hermitian form on the associated Hermitian Mackey functor M A is an invertible anti-symmetric matrix with entries in A. This is the data of an anti-symmetric non-degenerate bilinear pairing
is by conjugation, a morphism of Hermitian forms in the sense of definition 1.10 corresponds to the classical notion of isometry.
Block sum of matrices on objects and morphisms defines the structure of a permutative category on Herm M , and thus a monoid structure on the classifying space Bi Herm M of the category of invertible morphisms. Remark 1.13. If λ : A → B is a morphism of Hermitian forms, the form A is determined by B and the matrix λ. Thus a string of composable morphisms
is determined by the sequence of matrices λ 1 , . . . , λ n , and by the form A n . It follows that there is an isomorphism
where B( * , Gl n (M (Z/2)), Gl n (M )( * )) is the Bar construction of the right action of Gl n (M (Z/2)) on the set of n-dimensional Hermitian forms w(λ) · A, given by the Hermitian structure of the Mackey functor M n (M ). The action indeed restricts to an action on Gl n (M )( * ) because if λ is in Gl n (M (Z/2)) and the restriction of A ∈ M n (M )( * ) is invertible, then
is also invertible.
Remark 1.14. Since the notion of Hermitian forms on Hermitian Mackey functors extends that of Hermitian forms on rings with anti-involution, it follows that our definition of Hermitian K-theory extends the Hermitian K-theory construction of [BF84] , of the category of free modules over a discrete ring with anti-involution. Now we make our Hermitian K-theory construction functorial. 
is the identity on the first summand and multiplication by 2 on the second. In terms of finite Z/2-sets it sends a set to its cardinality. This is in fact a morphism of Tambara functors for the standard multiplicative structures on B and M Z , and since the Hermitian structures are defined via the multiplicative norms it follows that d is a map of Hermitian Mackey functors.
If moreover π is a discrete group with anti-involution, the map d induces a morphism on the associated group-Mackey functors d :
. The underlying map d Z/2 is again the identity on Z[π], and the map
on the first summand and the identity on the second summand. Thus this map induces a map on Hermitian K-theory spectra
The assembly map for the Burnside group-ring
Let M be a Hermitian Mackey functor. We define a pairing of categories
by means of an extension of the standard tensor product of matrices. On objects, we send a pair (P, (A, B)) of a non-singular antisymmetric m × m-matrix P with integral coefficients and an n-dimensional form (A, B) on M to the mn-dimensional form P ⊗(A, B) with diagonal components
where the multiplication is the action of Z on the Abelian group M ( * ). The off-diagonal
This is the standard formula of the Kronecker product of matrices (see [BF84, §6] ), adjusted with the relevant restrictions when the index (u, v) is diagonal.
Example 1.17. In the case m = n = 2 the product above is given by the blocks
This operation lifts the standard Kronecker product of matrices, in the sense that
as mn × mn-matrices in M (Z/2). We define the pairing Herm Z × Herm M → Herm M on morphisms by the standard Kronecker product of matrices. Since the restriction map of M is additive it is immediate to verify the standard identities for the product of forms:
By property ii) the permutation σ defines an isomorphism of forms
and one can easily very that this satisfies the higher coherences required to give the following.
Lemma 1.18. The pairing Herm Z × Herm M → Herm M is a pairing of permutative categories. Hence there is an induced pairing of spectra
The assembly map for the Hermitian K-theory of the Burnside group-ring is defined as the composite
where
) is the map of spectra induced by a certain map of Γ-spaces
where Herm B [π] [n] denotes the n-simplices of the Segal Γ-category associated to the symmetric monoidal category (Herm B[π] , ⊕). The map γ is induced by the functor
where the second map is the standard equivalence of categories. The first map sends the unique object in the i-component to the object (0, . . . , 0, (1, 0)e , 0, . . . , 0), where the nonzero entry is in the i-th slot. Here ( is natural in π, and it lifts the connective assembly map of the integral group ring of [BF84] . That is the diagram
is the dimension map of 1.16.
Proof. The assembly A Z[π] is constructed as a similar composite
) is constructed just like γ, but by replacing the unit (1, 0)e of B( * ) with the unit of Z. Since d preserves the unit we obtain a commutative diagram
where the right-hand square commutes by naturality of the pairing in the Hermitian Mackeyfunctor.
The Hermitian cyclic K-theory of a Hermitian Mackey-functor
Let M be a Hermitian Mackey functor. We remind the reader that the Hermitian K-theory space of M is isomorphic to the group completion
of the Bar construction of the right action of Gl n (M (Z/2)) on the set of n-dimensional Hermitian forms Gl n (M )( * ) given by the Hermitian structure of the Mackey functor M n (M ), that is by A · λ := w(λ) · A (see 1.13). We extend this construction to the two-sided Bar construction, for the actions A · λ and λ · A. Definition 1.20. The Hermitian cyclic K-theory space of a Hermitian Mackey functor M is the group completion of the two-sided Bar construction of the actions of Gl n (M (Z/2)) on the set of n-dimensional Hermitian forms, that is
where the monoid structure on the disjoint union is defined by componentwise block-sum of matrices.
In order to deloop K cy H(M ) we express this space as the group completion of the classifying space of a symmetric monoidal category. A two-sided Bar construction is always the nerve of a category, and in our case it the category i Herm cy M defined as follows. Its objects are pairs (A, B) of n-dimensional Hermitian forms over
This category has a symmetric monoidal structure defined by block-sum of matrices. Definition 1.21. The Hermitian cyclic K-theory spectrum K cy H(M ) of a Hermitian Mackey functor is the spectrum associated to Segal's Γ-space construction of the symmetric monoidal category (i Herm cy M , ⊕). Remark 1.22. The notation K cy H has the following origins. Suppose that M is the Hermitian Mackey functor associated to a ring with anti-involution A. The one-sided Bar construction B * , Gl n (A), Gl n (A) Z/2 is the fixed-points space of an involution on the Bar construction BGl n (A) (see §3.1). Thus KH(A) is the fixed-points space of an involution on the Ktheory space K(A). Similarly, the two-sided Bar construction B Gl
is the fixed-points of an involution on the cyclic Bar construction B cy Gl n (A) (see §3.1), and consequently K cy H(A) is the fixed-points of an involution on the cyclic K-theory space
hence the terminology. We will promote these constructions to the realm of Z/2-equivariant spectra and ring spectra with anti-involution in §3.4.
There is a symmetric monoidal functor p : (i Herm ) to B, and a morphism λ to λ. We conclude this section by examining the sections of this functor. Clearly p has a section that sends an object B to (0, B). We will need a larger set of sections, associated to certain "central" elements in M ( * ).
Let us suppose that 2 is invertible in M , that is that 2 is invertible in the ring M (Z/2) and the map 2·(−) : M ( * ) → M ( * ) is bijective. Then 2 is invertible also in the Hermitian Mackeyfunctor of matrices M n (M ). Given an n-dimensional Hermitian form A ∈ Gl n (M )( * ), we define
Lemma 1.23. The matrix A −1 is an n-dimensional Hermitian form over M , such that
for every n-dimensional form A ∈ Gl n (M )( * ) and matrix λ ∈ Gl n (M (Z/2)).
Proof. Clearly A −1 belongs to Gl n (M )( * ) since
is invertible. Moreover by the compatibility of the action of M n (M (Z/2)) on M n (M )( * ) with the restriction and the transfer we see that
When 2 is invertible in M we can use this inversion function to define a section
y y for the projection functor p. We let s 1 be the symmetric monoidal functor that sends an object A to the pair (A −1 , A), and a morphism λ :
This is a well-defined morphism because by the previous lemma λ · (w(λ) · B)
This induces a splitting of spectra
Remark 1.24. Suppose that M is associated to a ring with anti-involution A, where 2 ∈ A is invertible. Under the isomorphism
the section s 1 corresponds to the section
If one identifies the two-sided Bar construction with the fixed-points of the involution on the cyclic nerve N cy Gl n (A) (see §3.1), this is the restriction of the standard section
We observe that this section can be twisted by any element c in the center of Gl n (A), simply by multiplying the first coordinate of s 1 by c. We proceed by defining an analogue of this twisting for the Burnside group-ring. Let B Q be the rationalized Burnside Mackey functor, π a discrete group, and B Q [π] the associated Burnside group-ring. Let σ ∈ B Q ( * ) the element of the Burnside ring defined by the virtual Z/2-set σ := Z/2 − 1. We observe that this element is invertible and central with respect to the multiplication of the Burnside ring. Given an n-dimensional Hermitian form A ∈ Gl n (M )( * ) we let σA denote the n-dimensional Hermitian form obtained by multiplying the diagonal entries of A with σ, and leaving the off-diagonal entries untouched. Since R(σ) = 1 we see that R(σA) = R(A) is invertible. We let
be the section defined on objects by s σ (B) = (σB −1 , B), and by sending a morphism λ : B → w(λ) · B to s σ (λ) = λ. Again, this is well-defined because
Remark 1.25. We observe that when projected to the rational group-ring Q[π] the two sections coincide with the section s 1 , that is both squares
In this section we state our main application, that reformulates the Novikov conjecture in terms of a splitting of a lift to the Burnside group-ring B[π] of the restricted assembly map of the Hermitian K-theory of the integral group-ring. We give a proof of this theorem except for the existence of this splitting, which is technical and that we postpone to the remainder of the paper.
Splitting the restricted assembly map
We recall that the restricted assembly map for the Hermitian K-theory of the integral groupring is the map A 0 Z[π] defined as the composite
where the first map is the inclusion in degree zero and the second map is the canonical map.
The group π 0 KH(Z) is canonically isomorphic to Z⊕Z, where the summands are respectively generated by the 1-dimensional forms 1 and −1 . Thus rationally, the Hurewicz map identifies the source of A
with two copies of the rational homology of Bπ. The restricted assembly map is then the sum of two maps
The first map is the map induced on homotopy groups by the map δ defined in 1.3. The second is the map δ, defined just as δ but by replacing the 1-dimensional form e given by the unit e of the group-ring Z[π] with the form −e . Theorem 2.1. Let π be a discrete group. The restricted rational assembly map of the Burnside group-ring Proof of 2.1. We define two separate lifts
of the respective maps δ and δ. The map γ is the one defined in §1.3, induced by sending the unique object of the category π to the 1-dimensional form 1e , where 1 is the unit of the Burnside ring. The map γ is defined by a similar construction, but by replacing 1e by the form −1e . As d(1e) = e and d(−1e) = −e, it follows that the sum of these maps A 
where s 1 and s σ are the sections of the projection off the cyclic nerve defined at the end of §1.4. 
Reformulation of the Novikov conjecture
Let π be a discrete group and W (Z[π]) the Witt spectrum of the corresponding integral group-ring. We let W * (Z[π]) denote its homotopy groups. The assembly map for Witt theory is a map of spectra
Rationally the map KH
) splits canonically on positive degrees, determining a natural decomposition
. Then the connective part of the rational assembly for Witt theory is the restriction of the rational assembly for Hermitian K-theory to this summand. This splitting can be extended to negative degrees using nonconnective deloopings of KH (see [BF84] ). The Novikov conjecture for a group π states that the non-connective rational assembly in Witt theory for the group ring Z[π] is split-injective.
Theorem 2.3. Let π be a discrete group. Then the Novikov conjecture holds for π if and only if the map
is zero on the kernel of Proof. Let us start by proving that under the hypothesis above the Novikov conjecture holds for π. Rationally W * (Z) is a polynomial algebra on one generator in degree 4. Thus the rational assembly map in Witt theory takes the form
where β ∈ W 4 (Z) is the Bott element. The restricted assembly map is the composite
where the first map is the inclusion of the summand k = 0. An element x of W * (Z[π]) ⊗ H * (Bπ; Q) of degree n can be written as a polynomial
where x n+4k = 0 and x i ∈ H i (Bπ; Q). Since the assembly map commutes with the action of the Bott element, by multiplying by the appropriate power of β it suffices to show that the assembly is injective on elements of the form x = x n + x n−4 β + · · · + x n−4j β j where x n = 0. Now we consider the commutative diagram
where the vertical maps p and i are respectively the projection and the inclusion of the Witt summand of the decomposition KH
Z/2 . The vertical maps on the left are the inclusion and the projection of the subgroup W (Z) 0 ∼ = Z into KH(Z) 0 ∼ = Z 1 ⊕ Z −1 . Our assumption guarantees that the map (1, −1)T descends to a map 
Since T splits A 0 B[π] by 2.1, it follows that T splits iA
. As x n = 0, we know that T iA
Let H <n (Bπ)(β) be the subgroup of H * (Bπ; Q) ⊗ W * (Z) consisting of elements of the form
By the Kan-Thurston theorem there exists a group π n−1 and a map λ n−1 : Bπ n−1 → (Bπ) (n−1) to the (n − 1)-skeleton of Bπ which is a homology isomorphism. Then the first homotopy group of the composite Bπ n−1 → Bπ (n−1) → Bπ gives a group homomorphism λ n−1 : π n−1 → π which induces an isomorphism
In order to emphasize the naturality of our transformations in the group π we add a super-
commutes. Because λ n−1 : H * (Bπ n−1 ; Q) → H * (Bπ; Q) is injective we must have that (1, −1) • T π n−1 is also zero on ker(d π n−1 + d π n−1 ), and it descends to a map
This results in a commutative diagram
and it follows that
is zero on H <n (Bπ)(β). Now suppose that the Novikov conjecture holds for π. In particular the restricted assembly map A We recall that the map T is constructed as a rational composite
Corollary 2.4. The Novikov conjecture holds for π if and only if the map
is zero on the kernel of
shows that the restriction of T to the kernel of d + d factors through the restriction of (1, −1)p 0 tr cy to the kernel of d cy . Thus if the latter is zero, so is the former and the Novikov conjecture for π holds by 2.3. Conversely, if the Novikov conjecture holds for π the bottom row of the commutative diagram
Real K-theory
We give a construction of the free real K-theory of a ring spectrum with anti-involution which supports a trace map to the real topological Hochschild homology of [HM17] and [Dot12] . We prove in 3.22 that for discrete and simplicial rings with anti-involution its fixed-points are equivalent to the connective Hermitian K-theory of [BF84] and [Kar73] . For Eilenberg MacLane spectra with anti-involution the fixed-points recover the Hermitian K-theory of Hermitian Mackey functors defined in §1.2.
For general ring spectra our definition of real K-theory differs from other known constructions, for example the one of [Spi16] . The input of our construction is a structured genuine Z/2-spectrum, and the output depends on its genuine equivariant homotopy type. The intuition is that fixed-points spectrum of the input ring spectrum A determine a notion of "symmetry" for the Hermitian forms over A.
The real and dihedral Bar constructions
In this section we investigate the Bar construction associated to a monoid with an antiinvolution. This is essentially a recollection of materials from [Lod87] , but we need a context without degeneracies which requires a bit of care.
By a non-unital topological monoid we mean a possibly non-unital monoid in the monoidal category of spaces with respect to the cartesian product. Let M be a non-unital topological monoid which is equipped with an anti-involution, that is a continuous monoids map w : M op → M that satisfies w 2 = id. The Bar construction BM is the geometric realization of the semi-simplicial space N M , the nerve of M , with n-simplices The resulting semi-simplicial space, together with its involution, is denoted N 1,1 M . In order to obtain a semi-simplicial space with a semi-simplicial Z/2-action we need to apply Segal's edgewise subdivision, obtaining a simplicial space sdN M with n-simplices (sdN M ) n = N 2n+1 M and i-th face maps d i d 2n+1−i : (sdN M ) n → (sdN M ) n−1 . The levelwise involution on sdN M now commutes with the face maps, and sdN 1,1 M is a semi-simplicial Z/2-space.
Definition 3.1. The classifying space of a non-unital topological monoid with anti-involution M is the Z/2-space defined as the geometric realization
with the involution induced by the semi-simplicial involution of sdN 1,1 M . Remark 3.2. i) In contrast with the simplicial case, the geometric realization of a semisimplicial space is in general not equivalent to the geometric realization of its subdivision. However, if our monoid M is non-equivariantly equivalent to a unital monoid M ′ , and if M ′ is well pointed at the unit, then the canonical map |sdN M | → |N M | is a weak homotopy equivalence. This is because of the following commutative diagram
where | − | s denotes the geometric realization of a simplicial space. In the examples of interest in this paper we will always be in this situation.
ii) There is another possible definition for B 1,1 M , which is the space |N M | with the involution
If M is unital and well-pointed, this Z/2-space is equivariantly equivalent to B 1,1 M , in view of the commutative square
where the canonical homeomorphism is easily seen to be equivariant. These two constructions do not agree in general. We choose to work with definition 3.1 because it gives us better control over the fixed-points:
iii) The geometric realization of semi-simplicial sets commutes with fixed-points of finite groups. This can be easily proved by induction on the skeleton filtration, since fixedpoints commute with pushouts along cofibrations and with filtered colimits. Thus the fixed-points space (B 1,1 M ) Z/2 is homeomorphic to the geometric realization of the semi-simplicial space (sdN M ) Z/2 .
The fixed-points of B 1,1 M are modeled not by a monoid, but by a category. Let us define a topological category Sym M (without identities) as follows. Its space of objects is the fixed-points space M Z/2 , and the morphisms m → n consist of the subspace of elements Proof. By the previous remark, it is sufficient to understand the fixed-points of sdN M levelwise. There is an equivariant isomorphism of semi-simplicial Z/2-spaces between sdN M and N sdM , where sdM is the edgewise subdivision of the category M (aka twisted arrow category). This is the topological category with Z/2-action whose space of objects is M , and where the space of morphisms m → n is the subspace of M × M of pairs (l, k) such that n = lmk. Composition is defined by
The involution on sdM sends an object m to w(m), and a morphism (l, k) to (w(k), w(l)).
Since the the nerve functor commute with fixed-points, the fixed-points of sdN M are isomorphic to the nerve of the fixed-points category of sdM . It's objects are the fixed-objects M Z/2 , and its morphisms the pairs (l, k) where k = w(l). This is isomorphic to the category Sym M .
′ be a map of non-unital topological monoids with antiinvolutions, and suppose that f is a weak equivalence of Z/2-spaces. Then
Proof. Non-equivariantly Bf is an equivalence, since realizations of semi-simplicial spaces preserve levelwise equivalences. Since realizations commute with fixed-points it remains to show that (sdN M ) Z/2 → (sdN M ′ ) Z/2 is a levelwise equivalence, that is that for every n
is a weak equivalence. By inspection, this is the map
which is an equivalence by assumption.
Example 3.5. Let π be a discrete group with the anti-involution defined by inversion w = (−) −1 : π op → π. The Z/2-space B 1,1 π is a classifying space for principal π-bundles of Z/2-spaces. A model for such a universal bundle is constructed in [May90] as the map M ap(EZ/2, Eπ) −→ M ap(EZ/2, Bπ), where Eπ denotes the free and contractible π-space. The base-space is equivalent to the nerve of the functor category Cat(EZ/2, π) where EZ/2 is the translation category of the left Z/2-set Z/2 (whose nerve is the classical model for EZ/2), see [GM14] . It is easy to see that the nerve of Cat(EZ/2, π) and the edgewise subdivision of N 1,1 π are equivariantly isomorphic.
The following property will be used in the definition of the splitting of A B[π] in 4.8.
Lemma 3.6. Let π be a discrete group with anti-involution w. There is a map Bπ → (B 1,1 π) Z/2 , and its composition with the fixed-points inclusion Bπ → (B 1,1 π) Z/2 → Bπ is homotopic to the identity. This exhibits Bπ as a retract of (B 1,1 π) Z/2 .
Proof. We define a simplicial map φ :
This map clearly lands in the fixed-points of sdN 1,1 π. Non-equivariantly, the composition of φ followed by the last-vertex map sdN π → N π is the identity. After identifying Bπ and |sdN π| the last-vertex map is homotopic to the identity. Thus so is φ.
We conclude the section with the construction of a real analogue of the cyclic nerve. Let Definition 3.7. The semi-simplicial space N cy M equipped with the levelwise involution above is called the dihedral nerve of M , and it is denoted by N di M . Its edgewise subdivision sdN di M is a semi-simplicial Z/2-space, and its geometric realization is denoted
and called the dihedral Bar construction.
The fixed-points of the subdivided dihedral nerve of M are isomorphic to the two-sided
of the left action of M on M Z/2 defined by m · n := mnw(m) and the right action n · m := w(m)nm. Thus the simplicial set (sdN di M ) Z/2 is isomorphic to the nerve of a category Sym cy M . Its objects are the pairs (n 0 , n 1 ) of fixed-points of M Z/2 . A morphism m : (n 0 , n 1 ) → (n Proposition 3.8. There is a natural isomorphism of simplicial sets
The constructions N 1,1 and N di extend to categories with duality. We will use this generalization occasionally, mostly in §3.4.
Remark 3.9. We recall that a category with strict duality is a category (possibly without identities) C equipped with a functor D : C op → C such that D 2 = id. If C has one object this is the same as a monoid with anti-involution. There is a levelwise involution on the nerve N C which is defined by
We define B 1,1 C := |sdN 1,1 C|. There is a category Sym C whose objects are the morphisms f : c → Dc such that Df = f , and the morphisms f → f ′ are the maps γ : c → c
The previous considerations extend to give an isomorphism
Remark 3.10. Similarly, there is a construction of the dihedral nerve of a category with strict duality. An n-simplex of the cyclic nerve N cy C is a string of composable morphisms
and the levelwise involution of the dihedral nerve sends this string to
We define B di C := |sdN di C|.
Ring-spectra with anti-involution
Let A be an orthogonal ring spectrum. An anti-involution on A is a map of ring spectra w : A op → A such that w • w = id. We observe that the map w gives the underlying spectrum of A the structure of a Z/2-spectrum, but that the (genuine) fixed-points spectrum A Z/2 is no longer a ring spectrum. In this section we will explain how such an object generalizes the Hermitian Mackey functors of §1.1, and we will define a genuine spectral versions of Hermitian forms over A.
We let I be Bökstedt's category of finite sets and injective maps. Its objects are the natural numbers (zero included), and a morphism i → j is an injective map {1, . . . , i} → {1, . . . , j}. We recall that the spectrum A induces a diagram Ω
• A : I → Top * (see e.g. On the one hand the multiplication of A endows Ω ∞ I A with the structure of a topological monoid (see [Sch04] ). On the other hand, the category I has an involution which is trivial on objects and that sends a morphism α : i → j to
The diagram Ω
• A has a Z/2-structure in the sense of [DM16] , defined by the maps
where χ i : i → i is the permutation the reverses the order on i, and Ω ∞ I A has an induced Z/2-action. These two structures make Ω ∞ I A into a topological monoid with anti-involution. In case A is non-unital, Ω ∞ I A is a non-unital topological monoid with anti-involution. Remark 3.11. Throughout the paper, we will make extensive use of the fact that, as a Z/2-space, Ω ∞ I A is equivalent to the genuine equivariant infinite loop space of A. There is a comparison map hocolim
where ρ is the regular representation of Z/2, coming from the inclusion N → I that sends n to 2n + 1 and the unique morphism n → m to the map
The failure of this map from being a non-equivariant equivalence is measured by the action of the monoid of self-injections of N on the poset N, and this action is homotopically trivial since A is an orthogonal spectrum (see [SS13, §2.5]). A similar comparison exists equivariantly, and the comparison map is an equivariant equivalence since A is an orthogonal Z/2-spectrum. The details can be found in [DMPPR17] ).
Since Ω ∞ I A is a topological monoid with anti-involution, there is an action
defined by a · b := abw(a) where we denoted by w the anti-involution of Ω ∞ I A. We use this action to define a category of Hermitian forms over A in a way somewhat analogous to the Mackey functor case of §1.2.
Definition 3.12. We let M ∨ n (A) be the (non-unital) ring spectrum
where the multiplication is defined by the maps
and to the basepoint otherwise.
The anti-involution w :
where τ is the automorphism of n × n which swaps the product factors. We now let M ∨ n (A) be the non-unital topological monoid with anti-involution
We let GL ∨ n be the subspace of invertible components, defined as the pullback of non-unital topological monoids with anti-involution
where π 0 A is the ring of components with the induced anti-involution, and GL n (π 0 A) its ring of invertible (n×n)-matrices with involution given by entrywise involution and transposition. The right vertical map is the composite
which is both equivariant and multiplicative.
Definition 3.13. An n-dimensional Hermitian form on A is an element of the fixed-points space GL ∨ n (A) Z/2 . These form a category Sym GL ∨ n (A) as in 3.3, and we define
Remark 3.14. The anti-involution of A induces a functor D : M op A → M A on the category M A of right module spectra. It is defined by the spectrum of module maps
where A w is the spectrum A equipped with the right A-module structure
where τ is the symmetry isomorphisms and µ is the multiplication of A. The ring spectrum of (n × n)-matrices on A is usually defined as the endomorphism spectrum End( n A) of the sum of n-copies of A. Since Hom A (A, P ) is canonically isomorphic to P , the endomorphism ring End( n A) is canonically isomorphic to n n A. The module n A is homotopically self-dual, as the inclusion of wedges into products
is a natural equivalence. This defines a homotopy coherent action on End( n A), and one could define Hermitian forms as the homotopy fixed-points of this action (this is essentially the approach of [Spi16] ). The inclusion M ∨ n (A) → End( n A) is a weak equivalence, and it is coherently equivariant. The point of our construction is to exploit the fact that the action on M ∨ n (A) is strict, and that it therefore gives rise to a genuine equivariant homotopy type. The resulting fixed-points spectrum
is an equivariant refinement of the homotopy coherent action on End( n A), and it generally differs from the homotopy fixed-points. Morally speaking, this equivariant homotopy type determines the notion of "symmetry" for the associated Hermitian forms.
The real K-theory Z/2-space of a ring spectrum with antiinvolution
The goal of this section is to define a Z/2-action on the K-theory space of a ring spectrum A with anti-involution w : A op → A. We define this action by adapting the group completion construction of the free K-theory space
where n B GL n (A) is group-completed with respect to block-sum, to the model for the equivariant matrix ring constructed in the previous section.
We recall from 3.1 that the classifying space of a non-unital monoid with anti-involution M inherits a natural Z/2-action, which we denote by B 1,1 M . Thus the anti-involution on GL ∨ n (A) gives rise to a Z/2-space B 1,1 GL ∨ n (A). However, the space ∐ n B 1,1 GL ∨ n (A) does not have a strict monoid structure, since the standard block-sum of matrices does not restrict to the matrix rings M ∨ n (A). We can however define a Bar construction using a technique similar to Segal's group completion of partial monoids. The block sum operation on the ring spectra M ∨ n (A) is a collection of maps
induced by the inclusions n → n + k and k → n + k. We observe that this map commutes with the anti-involutions.There is a simplicial Z/2-space with p-simplices n1,...,np
The face maps are induced by the block-sum maps, and the degeneracies are the summand inclusions. This results into a well-defined simplicial object since B 1,1 Ω ∞ I is functorial with respect to maps of ring spectra with anti-involution. This simplicial structure restricts to the Z/2-spaces n1,...,np
where GL ∨ n1,...,np (A) is the pull-back of non-unital monoids with anti-involution
Definition 3.15. The free real K-theory space of a ring spectrum with anti-involution A is the Z/2-space defined as the loop space of the thick geometric realization
We observe that all of our constructions are homotopy invariant, and therefore the functor KR sends maps of ring spectra with anti-involution which are stable equivalences of underlying Z/2-spectra to equivalences of Z/2-spaces. We conclude this section by verifying that the underlying space of KR(A) has the right homotopy type.
Proposition 3.16. Let A be a ring spectrum with anti-involution, and let us denote A| 1 the underlying ring spectrum of A and KR(A)| 1 the underlying space of KR(A). There is a weak equivalence
Proof. For convenience, let us drop the restriction notation. The inclusion of wedges into products defines an equivalence of ring spectra M 
commutes. It follows that the level-wise equivalences on the Bar constructions n1,...,np
commute with the face maps. After restricting to invertible components and taking thick geometric realizations this gives the equivalence KR(A)| 1 ∼ K(A| 1 ).
We conclude this section with a cyclic version of this construction. There is a similar simplicial structure on the spaces n1,...,np
induced by the same block-sum maps using the functoriality of the dihedral Bar construction B di from 3.7.
Definition 3.17. The free cyclic real K-theory space of a ring spectrum with anti-involution A is the Z/2-space
Connective equivariant deloopings of real K-theory
We show that the real K-theory space of a ring spectrum with anti-involution defined in §3.3 is the equivariant infinite loop space of a (special) Z/2-equivariant Γ-space. Our construction of these deloopings is an adaptation of Segal's construction ( [Seg74] and [SS79] ) for spectrally enriched symmetric monoidal categories, to a set-up where the symmetric monoidal structure is partially defined.
We start with an explicit definition of the Z/2-Γ-space, and relate it to Segal's construction in the proof of 3.19. We recall from [Shi91] that a G-Γ-space, where G is a finite group, is simply a functor X : Γ op → Top G * from the category Γ op which is a skeleton for the category of pointed finite sets and pointed maps, to the category of pointed G-spaces. This induces a symmetric G-spectrum whose n-th space is the value at the n-sphere of the left Kan-extension of X to the category of finite pointed simplicial sets.
For every natural number n and sequence of non-negative integers a = (a 1 , . . . , a n ) we consider the collections of permutations α = {α S,T ∈ Σ i∈S∐T ai } where the indices S, T run through the pairs of disjoint subsets S ∐ T ⊂ {1, . . . , n}. We require that these permutations satisfy the standard conditions of Segal's construction, see e.g. [DGM13, 2.3.1.1]. We denote by a the set of such collections α for the n-tuple a.
Given a ring spectrum with anti-involution A we let KR(A) :
be the functor that sends the pointed set n + = {+, 1, . . . , n} to
where GL ∨ a1,...,an (A) is defined in §3.3, and a is the category with objects set a , and with a unique morphism for any pair of objects. It has a duality that is the identity on objects, and that sends the unique morphism α → β to the unique morphism β → α. Thus a × GL ∨ a1,...,an (A) is a non-unital topological category with duality, and B 1,1 is the functor of 3.9.
Remark 3.18. Since every object in a is both initial and final, the projection map
is an equivalence of topological categories. Moreover by the uniqueness of the morphisms of a we see that Sym a = a . Thus the projection map
is also an equivalence of categories. It follows that
The extra a -coordinate is used for defining KR(A) on morphisms. Given a pointed map f : n + → k + and α ∈ a we let f * a ∈ N ×k and f * α ∈ f * a denote respectively
for every 1 ≤ i ≤ k and S ∐ T ⊂ {1, . . . , k}. We define f * : KR n (A) → KR k (A) by mapping the a-summand to the f * a-summand by a map whose first component is B 1,1 of the functor
where the first map is the projection. The second component of this map is defined as follows. A pair of permutations α, β ∈ a gives rise to a morphism of real monoids
which is induced by the map of ring spectra with anti-involution obtained by wedging over i ∈ {1, . . . , k} the maps (α, β) j :
(f −1 i)\j,j , where 0 ⊕ x is the value at x of the block-sum map ⊕ :
and α and β are considered as permutation matrices. More explicitly, an element of M ∨ aj (A) consists of a pair (c, d) ∈ a j × a j and a point a ∈ A in some spectrum level. This is sent to
where ι : a j → (f * a) j is the inclusion. The second component of the map KR(f ) is then induced by the functor
which is the projection on objects and that sends a morphism (α,
Proposition 3.19. Let A be a ring spectrum with anti-involution. The functor KR(A) is a special Z/2-Γ-space in the sense of [Shi89] . The first Z/2-space of the associated positively fibrant Z/2-spectrum KR(A) S 1 is equivalent to the real K-theory Z/2-space KR(A) of §3.15. The underlying Γ-space of KR(A) is equivalent the K-theory Γ-space of A.
Proof. Let F A be the spectrally enriched category whose objects are the non-negative integers and where the endomorphisms of k consist of the matrix ring k k A. We recall that the Segal construction on F A is the Γ-category enriched in symmetric spectra defined by sending n + to the category F A [n]. Its objects are the pairs a, α where a = (a 1 , . . . , a n ) is a collection of non-negative integers, and α is a collection of isomorphisms α = {α S,T : s∈S a s + t∈T a t → i∈S∐T a i } in the underlying category of F A satisfying the conditions of [DGM13, 2.3.1.1]. The spectrum of morphisms a, α → b, β is non-trivial only if a = b, and it is defined by the collection of elements {f S ∈ M s∈S as (A)} S⊂n which satisfy
There is an equivalence of spectral categories F ×n A → F A [n] that sends a = (a 1 , . . . , a n ) to a, α where α S,T is the permutation matrix of the permutation of S ∐ T that sends the order on S ∐ T induced by the disjoint union of the orders of S and T to the order of S ∐ T as a subset of n (the point is that F A [n] is functorial in n with respect to all maps of pointed sets, whereas F 
is defined as the subcategory of F A [n] on the objects a, α where α S,T is a permutation representation, and where the morphisms {f S } S⊂n are such that there is a j ∈ n such that f S = 0 if j / ∈ S. The top horizontal arrow is simply the restriction of the bottom horizontal one.
The spectral category F ∨ A [n] has a strict duality, which is the identity on objects and the anti-involution on the matrix ring M ∨ a (A) on morphism. We observe that a morphism
is determined by the value f j , since for every S ⊂ n containing j we have that
S\j,j . Moreover this equation determines the relation β S,T (f S ⊕ f T ) = f S∐T α S,T , and it follows that the value at n + of the corresponding Z/2-Γ-space is
Its invertible components are then by definition KR n (A) and the functoriality in Γ op induced by the ambient category F A [n] is the one described above. The fact that
S\j,j determines a well-defined morphism a, α → a, β follows from the following calculation:
where τ S,T :
s∈S a s + t∈T a t → t∈T a t + s∈S a s is the symmetry isomorphism of the symmetric monoidal structure. From this description of the morphisms of F ∨ A [n] one can easily see that the top horizontal map of the square above, and hence all its maps, is an equivalence of categories. Thus the Γ-space underlying KR(A) is equivalent to the K-theory of A.
We show that KR is a special Z/2-Γ-space, that is for every group homomorphism
whose j-component is induced by the map n + → 1 + that sends j to 1 and the rest to the basepoint, is a Z/2-equivariant equivalence. Here the involution is induced by ρ : Z/2 → Σ n through the functoriality in n. The square above provides an equivalence of spectrally enriched categories
. This functor is in fact an isomorphism on mapping spectra, and it is therefore an equivariant equivalence. We show that the left vertical arrow of
is an equivariant equivalence, which will finish the proof. It has an equivariant inverse
∨n that sends an object a, α to a and a morphism {f S } to f {j} .
Similarly, there is a special Z/2-Γ-space whose value at the pointed set n + is the Z/2-space
where B di is the dihedral nerve functor of 3.10.
Hermitian K-theory of ring-spectra with anti-involution
Let A be a ring spectrum with anti-involution.
Definition 3.20. The free Hermitian K-theory space of A is the fixed-points space
The free Hermitian K-theory spectrum of A is the spectrum KH(A) associated to the fixedpoints Γ-space
Remark 3.21. The spectrum associated to the Γ-space KH(A) is the naïve fixed-points spectrum of the Z/2-spectrum associated to KR(A). However since KR(A) is special as an equivariant Γ-space (see 3.19), the canonical map of spectra KH(A) → KR(A) Z/2 is a stable equivalence, where KR(A) Z/2 is the genuine fixed-points spectrum of KR(A).
We analyze the Γ-space KH(A) and we interpret it as the Segal construction of a symmetric monoidal category of Hermitian forms on A. For the Eilenberg-MacLane spectra of simplicial rings with anti-involution we show that our construction agrees with the connective cover of Burghelea and Fiedorowicz's Hermitian K-theory of simplicial rings, from [BF84] . We also show that for Eilenberg MacLane spectra of Hermitian Mackey functors this construction is equivalent to the one of §1.2.
We recall from lemma 3.3 that the the fixed-points space of B 1,1 GL ∨ a1,...,an (A) is homeomorphic to the classifying space of a topological category . The space of objects of this category is the space of invertible components of the fixed-points space
which is equivalent to the infinite loop space of the fixed-points spectrum M Proposition 3.22. Suppose that A is a simplicial ring with an anti-involution w : A op → A. There is a weak equivalence between KH(HA) and the connective cover of the Hermitian K-theory spectrum 1 L(A) of [BF84] . In particular if A is discrete this is equivalent to the connective Hermitian K-theory of free A-modules of [Kar73] .
Proof. The inclusion of wedges into products defines a map of ring spectra with anti-
where M n (A) = n×n A is the ring of n × n-matrices with entries in A. On the underlying Z/2-spectra, this is an inclusion of indexed wedges into indexed products and it is therefore a stable equivalence. On the level of Γ-categories this shows that the composite
is an equivalence, where F A [n] is Segal's construction of the symmetric monoidal category of free A-modules (F A , ⊕), with the duality induced by conjugate transposition of matrices (we observe that the middle term F HA [n] does not have a duality). At the level of Γ-spaces this induces an equivalence
which restricted to invertible components gives an equivalence
Moreover there is a functor of Γ-categories (Sym iF We relate the Hermitian K-theory of ring spectra with that of Hermitian Mackey functors defined in §1.2. Let HM be a ring spectrum with anti-involution such that the underlying Z/2-spectrum is the Eilenberg-MacLane spectrum of a Mackey functor M . Proof. We recall that since Ω ∞ I HM is a topological monoid with anti-involution, there is an action Ω
Defined by sending (m, n) to mnw(m) where w is the involution on Ω ∞ I HM . By taking π 0 this gives a Hermitian structure on the Mackey functor M .
The inclusion of wedges into products gives an equivalence
The fixed-points spectrum of the target is equivalent to 
onto the Segal Γ-category associated to (i Herm M , ⊕), by the same argument of 3.22.
Definition 3.24. The free Hermitian cyclic K-theory of A is the spectrum K cy H(A) associated to the fixed-points Γ-space
Proposition 3.25. Suppose that HM is a ring spectrum with anti-involution whose underlying spectrum is the Eilenberg MacLane spectrum of a Mackey functor M . The projection onto π 0 induces a stable equivalence of Γ-spaces
where K cy H(M ) is the Hermitian cyclic K-theory of 1.21.
Proof. We recall that by 3.8 there are canonical isomorphisms
which combined with an argument analogous to 3.23 gives the desired equivalence.
4 The real trace map
Real topological Hochschild homology
We recollect some of the constructions of [HM17] and [Dot12] . Let A be a ring-spectrum with anti-involution, possibly non-unital. The real topological Hochschild homology of A is a genuine Z/2-spectrum THR(A). It is determined by a strict Z/2-action on the Bökstedt model for topological Hochschild homology THH(A) of the underlying ring spectrum. We recall its construction. Let I be the category of finite sets and injective maps. For any non-negative integer k there is a functor Ω
• A :
Its homotopy colimit constitutes the k-simplices of a semi-simplicial spectrum
see e.g. [DGM13] . The involution on I described in §3.2 induces an involution on I ×k+1 , by sending (i 0 , i 1 , . . . , i k ) to (i 0 , i k , . . . , i 1 ) (it is the k-simplices of the dihedral Bar construction on I with respect to disjoint union). The diagram Ω
• A admits a Z/2-structure in the sense of [DM16] , defined by conjugating a loop with the maps
where χ j ∈ Σ j is the permutation that reverses the order of {1, . . . , j}. Thus the homotopy colimit THH k (A) inherits a Z/2-action, which induces a semi-simplicial map THH 
is an equivalence, where Ω ∞Z/2 denotes the genuine equivariant infinite loop space functor. i) Any suspension spectrum satisfies the hypotheses of the lemma. Indeed (S∧X) V = S V ∧X is (dim V +conn X)-connected non-equivariantly, and its fixed-points
ii) Eilenberg-MacLane spectra of Abelian groups with Z/2-action satisfy this condition as well, see e.g. [Dot16, A.1.1].
Proof of 4.2. We show that the map hocolim i∈I ×2k+2
is an equivalence for every non-negative integer n, where ρ is the regular representation of Z/2. By our connectivity assumption the subdivision of THR(A) S ρ is levelwise connected, both non-equivariantly and on fixed-points. It follows from [HM97, 2.4] that the loops commute with the realization, proving that the adjoint structure map for the representation (n + 1)ρ is an equivalence. Since the direct sums of copies of (n + 1)ρ form a cofinal system for the representations of Z/2 all the structure maps are equivalences. We recall from 3.11 that the homotopy colimit over I is naturally equivalent to the equivariant infinite loop space. Thus the map above is equivalent to the top row of the commutative diagram
where 2k + 2 = {0, . . . , 2k + 1} has the involution that fixes 0 and reverses the order of the other elements. We show that the diagonal map is an equivalence. By the Freudenthal Suspension Theorem and our connectivity hypotheses the map
is roughly twice as connected as A ∧2k+2 mρ+1 non-equivariantly, and roughly
mρ+1 , by our connectivity assumption this fixed-points space is roughly
connected. Thus the minimum above is approximately min{4m(k + 1), (2m + 1)(2k + 2) + 2k + 1} = 4m(k + 1)
Thus for any given m the corresponding map in the homotopy colimit system is nonequivariantly approximately c 1 (m) = 2((2m + 1)(2k + 2) + 2k + 1) − (2m + 1)(2k + 2) ≈ (2m + 1)(2k + 2) connected, and approximately
connected on fixed-points. Since both c 1 (m) and c 2 (m) diverge with m the map is an equivalence on homotopy colimits.
Remark 4.4. Under the connectivity assumptions of lemma 4.2 the Z/2-spectrum THR(A) arises as the Z/2-spectrum of a Z/2-Γ-space with value at the pointed set n + = {+, 1, . . . , n} the Z/2-space
Indeed the value of the associated spectrum at a sphere S n is the geometric realization
and under our connectivity assumptions the canonical map
is an equivariant equivalence for the action of the stabilizer group (i 0 , . . . , i k ) ∈ I ×k+1 (see [HM97, 2.4]). It follows from [DM16] that the map on homotopy colimits is an equivariant equivalence.
Lemma 4.5. The real topological Hochschild homology functor THR commutes with rationalizations on ring spectra with anti-involution with cofibrant underlying Z/2-spectrum.
Proof. Under this cofibrancy condition the spectrum THR(A) is naturally equivalent to the dihedral Bar construction of A with respect to the smash product. This result is a generalization of a theorem of [Shi00] and [PS16] , and a proof can be found in [DMPPR17] .
Let S Q be a cofibrant model for the rational Z/2-equivariant sphere spectrum. We notice that if K + is any finite pointed Z/2-set, the map
given by the K-fold smash product of the unit maps of S Q smashed with S Q is an equivalence. Non-equivariantly this is clear since S Q ∼ HQ is idempotent. On geometric fixed-points this is the map
which is the smash of the identity with the K/(Z/2)-fold smash of the unit maps of Φ (Z/2) k S Q , where (Z/2) k is the stabilizer group of k ∈ K. Since the geometric fixed-points Φ Z/2 S Q are also equivalent to HQ they are idempotent, and the map is an equivalence.
Thus we have natural equivalences
The definition of the real trace map
We adapt the construction of the trace of [BHM93] to define a map of Z/2-Γ-spaces All the spaces above extend to Z/2-Γ-spaces by a construction similar to the definition of the Γ-structure on KR, and all the maps in the diagram are maps of Z/2-Γ-spaces. We will however only verify that tr cy is compatible with the Γ-structure.
Proposition 4.7. The trace map defined levelwise above gives rise to a map of Z/2-Γ-spaces tr cy : KR cy (A) → THR(A).
Proof. Let f : n + → k + be a pointed map. We need to verify that for every collection of non-negative integers a = (a 1 , . . . , a n ) the square
commutes. We prove that this diagram commutes in simplicial degree p = 1, and since the upper left corner is the nerve of a category this will suffice. A 1-simplex of the upper left corner consists of two pairs of families of permutations (β, α) and (α, β), where α, β ∈ a , and a pair of elements x, y ∈ Ω where ι 0 : a j0 → ∐ i∈f −1 f (j0) a i is the inclusion, and similarly for ι 1 . We need to show that these conditions are equivalent. Clearly the first condition implies the second one. Suppose that the second condition holds, and set i := f (j 0 ) = f (j 1 ). By construction, the family of permutations α satisfies the condition α (f −1 i)\j1,j1 • (α j0,(f −1 i)\{j0,j1} ∐ id aj 1 ) = α (f −1 i)\j0,j0 • (id aj 0 ∐α (f −1 i)\{j0,j1},j1 ).
By evaluating this expression at ι 0 c 0 we obtain that α (f −1 i)\j1,j1 • (α j0,(f −1 i)\{j0,j1} ∐ id aj 1 )(ι 0 c 0 ) = α (f −1 i)\j0,j0 (ι 0 c 0 ) = α (f −1 i)\j1,j1 (ι 1 d 1 ).
Since α (f −1 i)\j1,j1 is invertible we must have that (α j0,(f −1 i)\{j0,j1} ∐ id aj 1 )(ι 0 c 0 ) = ι 1 d 1 , but since the left-hand map is the identity on a j1 and ι 1 includes in a j1 we must have that j 0 = j 1 and c 0 = d 1 . A similar argument shows that d 0 = c 1 .
The splitting of the restricted assembly map of the Burnside group-ring
Let π be a discrete group, and HB a strictly commutative cofibrant Z/2-ring spectrum model for the Eilenberg MacLane spectrum of the Burnside Mackey functor B (for the existence see [Ull13] ).
Let us observe that HB 
THR(S[π])
Z/2
